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In this paper, a method of local perturbations, previously successfully applied to decom-
pose the problem of elasticity in the system of connected thin rods and beams [Kolpa-
kov and Andrianov, 2013], is used to study the asymptotic behavior of the elasticity 
problem in connected thin plates. A complete decomposition of the problem, i.e. the se-
paration of the original problem in to the two-dimensional problem of the theory of 
plates and local problems is proposed. The local problems describe the three-dimen-
sional stress-strain state in the connected plates and can be solved by numerical meth-
ods. 
 
 
Introduction 
In this paper the asymptotic analysis of the three-dimensional problem of the theory of 
elasticity for two connected thin areas-plates is proposed. The plate and the joint are 
treated as three-dimensional bodies. The problem is similar to the problem formulation 
of the deformation of connected rods and beams-frames and trusses in structural me-
chanics. However, the problems are not entirely identical. 
As for the plates and for frames and trusses, the connector assembly may have a very 
complicated structure. However, for frames and trusses the idealization of the connector 
assembly is a point for which the equilibrium conditions are written in almost obvious 
way [Chen and Luis, 2005]. For plates, a joint has the form of a line along which the in-
teraction of the plates (in the simplest case considered here two, and in the general case 
several plates) takes place. The increasing complexity of problems in the transition to 
the consideration of the joined plates is similar to the complication of the problem in the 
transition from the beam theory to the theory of plates that is associated with an in-
creased dimension of the problem. 
The difference is due to historical reasons as frames and trusses have been studied on 
a fairly rigorous mathematical basis for more than two centuries (see [Timoshenko, 
1983]).In contrast, plates are for structural mechanics a relatively new subject and now 
the theory of plates is rather a part of the theory of elasticity than of structural mechan-
ics (at least, the authors do not know the analogue of frame and truss theories with re-
spect to plate structures). Perhaps, the lack of a theory along with increasing practical 
use of plate structures (plates not only as structural members, but also the use of cellu-
lar, foam and other highly porous materials as structural elements, see for example 
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[Banhart et. al., 2001] and the use of plates from composite material [Kalamkarov and 
Kolpakov, 1996; Andrianov et al., 2004; Kienzler et al., 2004]) resulted in a recent in-
terest in the theoretical analysis of joints between plates (see [Bernadou, 1989, 1995; 
Ciarlet, 1991; Le Dret, 1991; Titeux and Sanchez-Palencia, 2000]), which does not fall 
far [http://www. convegni.unicas.it, 2013]. Note, that the problem of joint arises in 
many other fields of engineering and natural sciences and in mathematics, see [Adler 
and Mityushev, 2010; Panasenko, 2005; Pokorny et al. 2004] and references in the men-
tioned publications. 
Note that the number of publications devoted to the analysis of connected plates 
highly exceeds the number of publications devoted to the analysis of connected rods and 
beams, although the problems arising in the calculation of the local stress-strain state in 
the connected trusses, according to the authors’ opinion, are even more difficult and 
time-consuming than the analysis of the connected plates. It may not be obvious from 
the point of view of structural mechanics, but the asymptotic theory indicates that the 
analysis of the beam leads to the need to address the increasing number of different 
types of “local” problems, see [Annin et al., 1993; Kalamkarov and Kolpakov, 1997]. 
The construction of a method for decomposition of an original problem into a “glob-
al” (the problem of the theory of plates) and a “local” one (three-dimensional problem 
of the theory of elasticity) is actual. It is also important to calculate the local stress-
strain state at any plate point (first of all in the vicinity of the joint). A similar problem 
arises in the method of homogenization based on the multi-scale approach [Sanchez-
Palencia, 1980; Jikov et al., 1994; Bensoussan et al., 1978], where one proceeds from a 
split of the original problem in the homogenized problem and the problem in the period-
ic cell. 
For connected plates there are developed asymptotic methods [Ciarlet, 1991; Le 
Dret, 1991], for which the use of a priori hypotheses about the form of the stress-strain 
state in the joint vicinity is an important limitation. Methods based on the boundary 
layer theory [Maz'ya et al., 1981; Motygin and Nazarov, 2000; Gol'denveizer and Kap-
lunov, 1988], which are effective for describing the contacting plates, cannot be applied 
in their current form if there is an inset between plates (it is not clear how these methods 
can be used, for example, for a calculation of the stress-strain state in a bolted con-
nection). 
The most significant advance in the study of the problem of connected thin-walled 
elastic elements was done in works devoted to the method of partial homogenization, 
see [Panasenko, 2005, 2007], which can be characterized as a partial decomposition of 
the problem, i.e. a partition of the original problem in to two-dimensional elements (in 
the main part of the plate) matched with three-dimensional elements for the connector 
assembly.  
In this paper, we propose a method for the complete decomposition of the three-
dimensional problem of elasticity in thin connected domains. The method is based on 
the use of a multi-scale decomposition, effectively used in and known from the theory 
of homogenization [Sanchez-Palencia, 1980; Jikov et al., 1994; Bensoussan et al., 1978] 
and the method of local corrector [Gaudiello and Kolpakov, 2011; Kolpakov, 2011]. 
This raises the problem of the theory of elastic bodies with local perturbations of geo-
metry and material characteristics, similar to a cell problem of the homogenization the-
ory, but where the condition that the “corrector is a periodic function” is replaced by the 
condition that the “corrector is localized in the vicinity of the perturbation”. This differ-
ence is significant. In particular, it leads to the individual properties of joints that are not 
accounted absolutely in the “global” problem corresponding to the engineering theory 
of structures.  
At the same time, in the proposed method, there are still many advantages of the 
homogenization approach, first of all the possibility of complete decomposition of the 
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problem (the subdivision of the original problem into a two-dimensional “global” and 
the three-dimensional “local” problem) and the ability to calculate the local stress-strain 
state in the joint and its vicinity in the form of a simple combination of the solutions of 
the “global” and the “local” problem. 
The obtained local problems can be solved using standard FEM codes. It makes the 
method of local parameters an effective method for engineering calculations of the 
stress-strain state in the connector assembly of thin-walled structures. 
 
1 Statement of the problem 
Consider a three-dimensional domain εΩ , consisting of two rectangular parallelepipeds 
of a thickness substantially less than the other two dimensions (the plates) and a domain 
of arbitrary shape connecting the plates (Fig.1). Connection sizes are small in two direc-
tions. The main types of joints for thin plates are welded, riveted or bolted, for more de-
tails see [Blake, 1985; Collins et al, 2002]. 
In most engineering structures and components of mechanical devices, the size of a 
typical joint in the two dimensions is equal to the thickness of the plates. Consider the 
case where the characteristic thickness of the plate and joint sizes in two directions are 
proportional to one small parameter ε  (Fig. 1).  
 
 
Fig. 1.  Joined plates and two-dimensional model (line L corresponds to the joint). 
 
We use the following notation: ),,( 321 xxx=x , ),( 21 xx=X  are coordinates in the 
plane of the plate. We suppose that the axis 3x is perpendicular to the plane of the plate, 
see Fig. 1. Latin indices take the values 1, 2, 3; Greek indices take the values 1, 2; re-
peated indices are summed up (except where otherwise stated). 
The problem of the theory of elasticity can be written as a problem of minimizing the 
functional of additional energy [Timoshenko and Goodier, 1951] 
min,)()())(,()( →+= ∫∫
ΩΩ
xxuXfxxuxu ddEL
εε
εV∈u , (1) 
where 
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is the local density of elastic energy; ijkla  – elastic constants; 
 0)(:)()({ 1 =Ω∈= xuxu εε HV on }εΓ  
is the set of permissible displacements (we assume that the plate is under the influence 
of body mass forces )(Xf  and fixed at the surface εΓ , where as the other surfaces are 
stress free). 
The method of local perturbations is based on searching a solution to problem (1) as 
the sum of solutions of homogeneous structural elements (in this case for plates) and the 
perturbation function. In this case, the solution is sought in the form 
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(2) 
where the functions )(Xαu  ( 2 ,1=α ) and )(Xw  depend on the “slow” vari-
able ),( 21 xx=X  and make sense of the global displacements in the plane of the plate 
and normal to the plate, respectively; the function )(yv  depends on a “fast” vari-
able ε/xy =  and decays rapidly with distance from the geometric perturbation. 
The expression αααα eXeXeX 3,3 )()()( xwwu x−+  in (2) describes the displacement 
of a homogeneous plate in accordance with the classical theory [Timoshenko and Woi-
nowsky-Krieger, 1958]. The term )/( 3 εε xV is the corrector of the asymptotic theory of 
plates [Caillerie, 1984; Kohn and Vogelius, 1984] (in the absence of this corrector dis-
placements αααα eXeXeX 3,3 )()()( xwwu x−+  do not satisfy the condition of zero 
normal stress on the free surface of the plates, i.e. this corrector takes into account the 
effect of transverse deformation). The term )/( εε xv  is the local corrector [Kolpakov 
and Andrianov, 2013], generated by the joint. Without this local corrector the displace-
ments of the classical theory do not satisfy the condition of zero normal stress on the 
free surfaces if the free surfaces are not parallel to the 21xOx -plane and the equations of 
equilibrium if the plates and the joint are made of different materials or the joint is as-
sembled from several elements (it is clear that if all of the free surfaces are parallel to 
the 21xOx -plane and the plates and the joint are made of the same material, then we are 
dealing with a homogeneous plate of constant thickness). 
Derivatives of displacements )(xuε  (2) are 
, , , 3 , ,( ) ( ) ( ) ( ) ( ).k l x k l x x k l k ly k lyu u w y V v
ε
α β α β α β α βδ δ δ δ= − + +x X X y y  (3) 
The components of the stress tensor ijσ , corresponding to the displacements )(xuε  
(2) shall be determined, with regard to the formula (3), in the form 
, , , 3
, ,
( ) ( ) ( )
( ( ) ( )).
ij ijkl k l ij x k l ij x x l k
ijkl k ly k ly
a u a u a w x
a V v
ε
αβ α β α β αβ α β β ασ δ δ δ δ= = − +
+
x X X
y y
 
(4) 
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In (4), the symmetry of the elastic constants is used [Timoshenko and Goodier, 1951]. 
By using the formula (3), we can write the local energy ))(,( xux εE  corresponding to 
the displacements (2) )(xuε , as 
, ,
, , 3 , 3 ,
, , , 3 ,
, 3 , ,
, ,
1( , ( )) ( ) ( )
2
1  [ ( ) ( ) ( ) ( )]
2
1 ( ) ( ) ( ) ( )
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a w w
ε ε ε
α β α β α β α β
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γδ γ δ
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σ δ δ δ δ
= =
− + + =
− +
+ −
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X X y
X X X X
y X
X 23 , 3 , , 3
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( ) ( ( ) ( )) ( )
1 ( ( ) ( ))( ( ) ( )) ( , , , , ).
2
ij k ly k ly x x
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x a V y v w x
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+ + =
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(5) 
After substituting (5) into (1), the minimization problem (1) takes the form  
1 2 1 2 3( , , , , ) ( , , , , ) ( ) ( ) ( ) ( )] min,L u u w E u u w d f u f w d
ε ε
α α
Ω Ω
= + + →∫ ∫v V v V x X X X X x  (6) 
with respect to the functions )(1 Xu , Wu ∈)(2 X , 2Ww∈ , U∈)(yv , and hU∈)(yV , 
where  
}on  0)(:)()({ 11 DuDHuW ∂=∈= XX  
is the set of admissible displacements in the plane of the plate, 
 0)(  :  )()({ 22 =∂
∂=∈=
n
XX wuDHuW }on  D∂  
is the set of admissible deflections,  
=U )(:)()({ 1 yvyv eQH∈ is localized near the joint} 
is the set of admissible local displacements in the joint and its vicinity, and 
)}()({ 1 εQHUh ∈= yV . The listed functional spaces are directly related to the mechani-
cal essence of the problem and are used below in the integration of variation equations 
in parts. 
In (6), terms of the orderε  are omitted. 
The Euler-Lagrange equations for the functional ),,,,( 21 VvwuuL  (6) have the form 
, , 3 , , ,{ ( ) ( ) ( ( ) ( ))] ( ) 0,kl x ij x x ijkl i jy i jy k lyL a u a w y a V v v d
ε
γδ γ δ αβ α βδ δ
Ω
= − + + =∫v X X y y y x  (7) 
0)())]()(()()([ ,,,3,, =++−= ∫
Ω
xyyyXXV dVvVaywauaL lykjyijyiijklxxijxkl δδ βααβδγγδ
ε
 (8) 
and 
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L a w x a V v u d
f u d
γ
ε
ε
γδαβ α β γδ γ δ
γ γ δ
δ δ
δ
Ω
Ω
= − + + +
=
∫
∫
X y y X x
X X x
 
(9)
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ε
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(10)
     Here Lδ  means the variation with respect to the corresponding variable (the variable 
is indicated as a subscript). 
Next, let us introduce the function )()()( 3yVyvyW += . Adding the equations (7) 
and (8), one obtains the variational equation with respect to )(yW . Integrating this equa-
tion by parts, we obtain the following boundary value problem: 
⎪⎩
⎪⎨
⎧
→
=−+
Ω=−+
 joint.  thefromfar   )()/(
surface, freeon   0})()()({
,in    0})()()((
3
3,,,
,3,,,
y
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jxxijxkllykijkl
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VxW
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ε
βααβδγγδ
εβααβδγγδ
 
(11)
Since in the “main” part of the plates (we call the “main” part of the plate, the part 
located away from the junction) 0)( =yv , we obtain from (11) the following problem 
for the function )(yV  
0})()()({ 3,3,33
3
33
3
=−+ ywauay
dy
dV
a
dy
d
xxixli
k
ki XX βααβδγγδ at ,2/ 2/ 3 εε <<− y  
0)()()( 3,3,33
3
33 =−+ ywauaydy
dV
a xxixli
k
ki XX βααβδγγδ at 2/3 ε±=y  
(12) 
(we assume that the plate's thicknesses are equal to  ε  and are arranged symmetrically 
relative to the plane 03 =y ). 
We use the idea of the multi-scale method [Sanchez-Palencia, 1980; Jikov et al., 
1994; Bensoussan et al., 1978] and separate in (11) the functions of “fast” y and 
“slow” X  variables. 
Problem (11) is interpreted as a problem in the “fast” variables y , in which the func-
tions of “slow” variables X are included as parameters. Due to the linearity of problem 
(11), its solution can be written as follows: 
2
(0 ) (1 )
, ,
, 1
( / ) [ ( / ) ( ) ( / ) ( )],x x xu w
αβ αβ
α β α β
α β
ε ε ε ε ε
=
= −∑W x N x X N x X  (13)
where the function )/()( εναβ xN  ( 1,0=ν , 21,, =βα ) are the problem solutions in the 
“long” domain of the unit height εε Ω=Ω∞
1 : 
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(14)
For the solution of problem (12), we place a representation similar to (13) with the 
functions )/()( εναβ xn  ( 1,0=ν , ,2,1=α  2,1=β ) determined by solving the problem 
⎪⎪⎩
⎪⎪⎨
⎧
±==−
<<=−
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,1/21/2-for     0})({
3333
3
)(
33
3333
3
)(
33
3
yyay
dy
dn
a
yyay
dy
dn
a
dy
d
i
k
ki
i
k
ki
ναβ
ναβ
ναβ
ναβ
 
 
(15)
The problem (15) is a boundary value problem for ordinary differential equations 
which has exact solutions for all ( 1 ,0=ν , ,2 ,1=α  2 ,1=β ) [Kolpakov, 2004], see al-
so Appendix. 
We call problems (14) and (15) “the local problems”. Local problems are analogous 
to cell problems of the homogenization theory [Sanchez-Palencia, 1980; Jikov et al., 
1994; Bensoussan et al., 1978]). Problem (15) is known from the asymptotic theory of 
plates (see, e.g., [Caillerie, 1984; Kohn and Vogelius, 1984]). The problem (14) is new. 
Although the first two equations in (14) coincide with the equations of cell problems in 
the theory of homogenization in the version for the plates [Caillerie, 1984; Kohn and 
Vogelius, 1984], but the condition of the theory of homogenization that the “solution of 
the cell problem is a periodic function” has been replaced in (14) by the condition 
“   )()( 3
)()( yναβναβ nyN →  far from the joint”. In this connection, the term “cell prob-
lem” is replaced with the term “local problem”. 
Substituting (13) into (9) and (10), one obtains the two-dimensional equations of 
plate deformation (deformation in the plane of the plates and normal deflection) 
(0 )
, 3 ,
(1 )
, , , ,
( ( ) [ ( / ) ( )
( / ) ( )] ) ( ) ( ) ( ) 0,  
x x kl x
x x k ly x x
a w x a u
N w u d f u d
ε
ε
αβ
γδαβ α β γδ α β
αβ
α β γ δ γ γ δ
ε
ε δ δ
Ω
Ω
− + −
+ =
∫
∫
X N x X
x X X x X X x
 
(16) 
2 (0 )
3 , , 3 , ,
(1 )
, , 3 , 3
( ( ) ( ) [ ( / ) ( )
( / ) ( ))] ) ( ) ( ) ( ) 0. 
x x x ij i jy x
ij x x i jy x x
a x u a w x a u
a w y w d f w d
ε
ε
αβ
αβγδ γ δ αβγδ γ δ αβ α β
αβ
αβ α β α β
ε
ε δ δ
Ω
Ω
− − − −
+ =
∫
∫
X X N x X
N x X X x X X x
 
(17) 
Note that for obtaining non-degenerate equations (9) should be divided by ε  and 
(10) by 3ε  (without this normalization, we arrive at the correct, but meaningless limit: 
00 →  as 0→ε ). The quantities ε and 3ε  are the orders of the stiffness characteristic 
of the plate thicknessε , the in-plane and bending stiffness, respectively [Timoshenko 
and Woinowsky-Krieger, 1958]. It explains the physical meaning of the normalization. 
Equations (16) and (17) with the functions   )( 3
)( yναβn instead of )()( yN ναβ arise in 
the asymptotic theory of plates with no joints, see, e.g., [Caillerie, 1984; Kohn and Vo-
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gelius, 1984]. Thus, the non trivial terms in (16) and (17) (which do not arise in the 
asymptotic theory of plates with no joints) are integrals 
0 0
, , ,
1 ( ( ) ( )) ( ) ,kl k ly k ly xa N n u d
ε
αβ αβ
γδ γ δδε Ω
−∫ y y X x  (18) 
1 1
, , 3 3 ,3
1 ( ( ) ( )) ( ) .ij i jy i jy x xa N n y y w d
ε
αβ αβ
αβ α βδε Ω
−∫ y X x  (19) 
The integrals (18) and (19) tend to zero as 0→ε . To prove this, note that the inte-
grands in (18) and (19), which have the form δ3)( yFkl y  ( 1 ,0=δ ), are integrable in 3R  
(physically it means that the elastic energy corresponding to the deformations δ3)( yFkl y  
is finite). Following the change of variables ε/xy = , one obtains 
3 3
3 3( / )( / ) ( ) ,kl klF x d F y d c
ε ε
µ µ µ µε ε ε ε+ +
Ω Ω
= ≤∫ ∫x x y y  
where the constant ∞<c is the same for all indicesµαβ  and kl . 
For the integral in (18) 0=µ , and the limit value (18) for 0→ε  equals zero. For the 
integral (19) 1=µ and the limit value (19) is also zero. Then, substituting in (9) and 
(10) the function )/( εxW   (13) and function 
)]()/()()/([)/( ,
)1(
,
)0(
2
1,
XxnXxnxw xxx wu βααββααβ
βα
εεεεε −= ∑
=
 
(20) 
 ( )(ναβn  is the solution to (15)), we obtain in the limit (at 0→ε ) the same result, viz. 
, 3
(0 ) (1 )
, , , ,
,
( ( )
[ ( / ) ( ) ( / ) ( )] ) ( )
( ) ( ) 0  ( 1,2),
x x
kl x x x k ly x
x
a w x
a u w u d
f u d
ε
ε
γδαβ α β
αβ αβ
γδ α β α β γ δ
γ γ δ
ε ε δ
δ γ
Ω
Ω
− +
− +
= =
∫
∫
X
n x X n x X X x
X X x
 
(21) 
2
3 , , 3
(0 ) (1 )
, , , ,
3
( ( ) ( )
[ ( / ) ( ) ( / ) ( )] ) ( )
( ) ( ) 0.
x x x
ij x x x k ly x x
a x u a w x
a u w w d
f w d
ε
ε
αβγδ γ δ αβγδ γ δ
αβ αβ
αβ α β α β α βε ε δ
δ
Ω
Ω
− − −
− +
=
∫
∫
X X
n x X n x X X x
X X x
 
 
(22) 
It is known (see, e.g., [Kalamkarov and Kolpakov, 1997]) that from (21) and (22) 
follow the equations of the classical theory of homogeneous flat plates [Timoshenko 
and Woinowsky-Krieger, 1958] and the equation of the asymptotic theory of plates 
[Caillerie, 1984; Kohn and Vogelius, 1984]. Despite the fact that in the classical theory 
of plates no analogue of the function )( 3yV  exists (as a result, the well-known contra-
diction arises between the hypothesis of undeformed normal and zero stresses on the 
free surfaces of the plate), equations of the classical theory of plates coincide with the 
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equations of the asymptotic theory written for homogeneous flat plates (see, e.g., [Kol-
pakov, 2004]). 
, 3
(0 ) (1 )
, , , ,
,
[ ( )
[ ( / ) ( ) ( / ) ( )] ( )
( ) ( ) 0  ( 1,2),
x x
kl x x x k ly x
x
a w x
a u w u d
f u d
ε
ε
γδαβ α β
αβ αβ
γδ α β α β γ δ
γ γ δ
ε ε δ
δ γ
Ω
Ω
− +
− +
= =
∫
∫
X
n x X n x X X x
X X x
 
 
(23) 
2
3 , , 3
(0 ) (1 )
, , , ,
3
[ ( ) ( )
[ ( / ) ( ) ( / ) ( )] ( )
( ) ( ) 0. 
x x x
ij x x x k ly x x
a x u a w x
a u w w d
f w d
ε
ε
αβγδ γ δ αβγδ γ δ
αβ αβ
αβ α β α β α βε ε δ
δ
Ω
Ω
− − −
− +
=
∫
∫
X X
n x X n x X X x
X X x
 
(24) 
After completing in (21) and (22) the integration over the fast variables, we obtain 
the standard variational equations of the two-dimensional plate 
, , ,[ ( ) ( ) ( ) ( )] ( ) ( ) ( ) 0,  x x x x
D D
D w C u u d f u dγδαβ α β γδαβ α β γ δ γ γδ δ− + + =∫ ∫X X X X X X X X X  (25) 
, , , 3[ ( ) ( ) ( ) ( )] ( ) ( ) ( ) 0. x x x x x
D D
C u A w w d f w dαβγδ γ δ αβγδ α β α βδ δ− + + =∫ ∫X X X X X X X X X  (26) 
The integration in (21) and (22) used the fact that the integrals of the product of 
functions of the variables ),( 21 xx=X and functions of the variable 3y are equal to the 
product of the integrals of the relevant factors, for more details see [Caillerie,1984; 
Kohn and Vogelius, 1984; Kalamkarov and Kolpakov, 1997]. 
In (25) and (26) )(XαβγδA  and )(XγδαβD  are the membrane and flexural stiffnesses, 
)(XαβγδC  is the non-symmetric stiffness of the plate. These values are constant within 
each of the connected plates, but in general different for different plates. 
Integrating by parts in (25) and (26), we obtain the two-dimensional equilibrium 
equations in domains 1D  and 2D  (see notations in Fig.1) 
  )()]()()()([ ,,, XXXXX γδγβαγδαββαγδαβ fuCwD xxxxx =+− in iD  ( 2,1=i ), (27) 
)()]()()()([ 3,,, XXXXX fwAuC xxxx =+− ββααβγδδγαβγδ in iD  ( 2,1=i ) (28) 
and the interface condition on the line L  between the domains: the in-line jumps of the 
values 
+− )()([ , XX xxwD βαγδαβ δβαγδαβ nuC x )]()( , XX , 
+− )()([ , XX xxwD βαγδαβ γδβαγδαβ nuC xx ,, )]()( XX ,  
δβααβγδδγαβγδ nwAuC xxx )]()()()([ ,, XXXX +−  
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equal zero (here ) ,( 21 nn  indicates the vector-normal to the connecting line of plates ly-
ing in the plane of the plates). As one can see, the condition on the connecting line does 
not take into account the individual properties of the joint. The interface condition on 
the line of the joint includes stiffnesses of the “inner” parts of the plates only. 
If we take into account that the first expressions in square brackets are moments 
)(XγδM , the second expressions in square brackets are transverse shear forces )(XγQ  
and the third expressions in square brackets are in-plane forces )(XαβN  in the plane of 
the plate, we find that on the contact line we have zero jumps in δγδ nM )(X ,  ( ) ,Q nγ γX  
and δαβ nN )(X . This condition also does not take into account the individual properties 
of the joint. If two identical plates are connected, then (23) and (24) yield one equation 
with constant coefficients in the whole domain, as if “there is no connection”. This is the 
effect of “erased connections” in the limit problem, formulated explicitly in [Gaudiello 
and Kolpakov, 2011] (we will discuss this in the example in Section 4). 
Let us denote )/()/( )0( ,
)0( εεσ αβαβ xx lykijklij na= the local stresses, corresponding to the 
global deformation αββα δ=)(, Xxu in the plane of the plate, and de-
note )/()/(
)1(
,
)1( εεσ αβαβ xx lykijklij na= local stresses corresponding to the global curva-
tures αββα δ=)(, Xxxw . 
In the joint and its vicinities, these stresses are determined by solving the local prob-
lem (15), and in the main parts of the plates through local solutions of problem (15). The 
local problem (15) can be solved analytically [Kolpakov, 2004], and the local problem 
(14) numerically. By (4) and (13), the local stresses in the plate are 
(0 ) (1 )
, ,
, 1,2
[ ( / ) ( ) ( / ) ( )].ij x ij x xu w
αβ αβ
α β α β
α β
σ ε σ ε
=
+∑ x X x X  (29) 
Formulas (13) and (29) allow us to obtain displacements and local stresses in the 
plate in the form of a linear combination of the functions of “fast” and “slow” variables. 
These functions are determined from different problems: three-dimensional local prob-
lems and the two-dimensional problem of the theory of plates. 
The values )(, Xxu βα  ( , 1,2α β = ) form the basis of two-dimensional strains in the 
plane of the plate, and values )(, Xxxw βα  ( , 1,2α β = ) form the basis of the curvatures 
and torsion of the plate. Accordingly, the functions )/()0( εαβ xN , )/()1( εαβ xN and the 
stresses )/()0( εσ αβ xij , )/()1( εσ αβ xij  ( , 1,2α β = ) form the basis of local displacements 
and stresses. 
By virtue of formulas (13) and (29), we provide a complete decomposition of the 
original problem. According to these formulas, in order to solve the original problem 
(1), it is necessary to solve local problems and to determine the basic func-
tions )/()0( εαβ xN , )/()1( εαβ xN , )/()0( εσ αβ xij , )/()1( εσ αβ xij  ( , 1,2α β = ). Solving the 
problem of the theory of plates, it is necessary to find the functions )(, Xxu βα  
and )(, Xxxw βα . Then, it is possible to calculate the local stresses from (29). 
Note that the functions )/()0( εαβ xN , )/()1( εαβ xN , )/()0( εσ αβ xij , )/()1( εσ αβ xij  
( , 1,2α β = ) are determined only by the geometry and the material properties of joint 
elements, and they are independent of the forces applied to the joined plates “as a 
whole”, i.e. they are only individual properties of the joint. 
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The functions )(Xαu  ( 2,1=α ) and )(Xw are found by solving the problem of the 
theory of plates, i.e. determined by stresses and boundary conditions “in a whole”. Since 
the limit problem of the plate theory does not depend on the individual properties of the 
joint, the functions )(Xαu  ( 2,1=α ) and )(Xw  are also independent of the individual 
properties of the joint. 
In other words, the problems of the deformation of joints and the deformation of 
connected plates “in a whole” are independent and the resulting decomposition is indeed 
complete and subdivides the original problem into two independent problems. 
Below, we consider some typical types of plate joints and present examples illustrat-
ing the application of the method developed for these cases. One feature of the method 
is to find the solutions of local problems. Typically, these solutions can only be ob-
tained numerically. By using modern codes such as ANSYS, NASTRAN and similar, 
the numerical solution of these problems is a common engineering task in the sense that 
the local problems do not contain a small parameter and other features requiring a rigor-
ous scientific analysis. 
 
2 Joint of constant cross-section 
 
If the geometry and the material characteristics of the plates and the joint do not depend 
on the variable 3x as well as the mass forces and boundary conditions, the three-dimen-
sional problems of elasticity are replaced by two-dimensional ones. This also applies to 
the local problems. As an example, consider two connected plates as shown in Fig. 2. 
This is the model of a two-sided weld joint. 
 
 
 
 
Fig. 2. Joint of constant cross-section between two homogeneous plates. 
 
 
Fig. 3 shows the results of numerical solutions of the boundary value problem (14) 
(numerical solution of the problem carried out with the help of the program ANSYS 
[www.ansys.com, 2001]). The intensity of the stresses and the deformed shape of the 
bending plates in a direction perpendicular to the joint at different scales are shown. The 
upper diagram in Fig. 3a shows the loading scheme; in Fig. 3b one can see the deformed 
shape of the plate (view from the end). In Fig. 3c, we show the detailed structure of the 
intensity distribution of local stresses in the domain of the joint and in its vicinity. It can 
be seen that the perturbation of stresses is localized in the area, the length of which is of 
the order of the plate thickness. Note that in the present case, the joint itself occupies a 
narrow domain and the perturbation of the solution looks similar to a boundary layer. In 
the next section, we present an example of a joint occupying a relatively large domain. 
In the computations, the following material characteristics have been used: for plate 
Young’s modulus is 1E =200GPa, Poisson’s ratio is 1ν =0.2; for joint Young’s modulus 
is 2E =230GPa, Poisson’s ratio is 2ν =0.3. Thickness of plate is 0.01m. 
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Fig.3. From top to bottom: loading scheme (a), the shape of the deformed plate (b),  
        the local stresses intensity in the joint and its neighborhood (c). 
 
 
 
3 A joint of periodic structure 
In real structures joins often are periodic in the direction along the joint, see Fig.4, 
which shows a model of discrete welded joint. 
 
 
 
Fig. 4. Joint of the periodic structure (top) and the periodical cell (bottom). 
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The periodic structure of the joint causes the periodic nature of the stress-strain state of 
the whole structure. We denote the period of the structure through Tε . 
In natural – “slow” variables x , dimension of the periodicity cell is Pε , in the direc-
tion of 1Ox - axis, along the joint, is Tε ; in the direction of 2Ox the axis cell extends the 
entire length of the plate (see Fig. 4). In “fast” variables y , periodicity cell P  has wide 
T  and extends from ∞− to ∞  in the direction 2Oy  (remind that ε/22 xy = ). In the case 
under consideration, we use representation (2) for the displacements with additional 
condition: )(yv  is periodic in  1y  with period T . Correspondingly, the last condition in 
(14) (condition of the solution stabilization at infinity) must be carried out in the direc-
tion perpendicular to the joint, and in the direction parallel the joint solution must be pe-
riodic. 
I.e., function )(yvl  is localized in a direction perpendicular to the joint and is peri-
odic in a direction parallel to the joint. As a result, one obtains the following boundary 
value problem on the periodical cell P  ( 1,0=ν ): 
⎪⎪
⎪
⎩
⎪⎪
⎪
⎨
⎧
∞→→
=−
=−
. period with in  periodic )(
 ,||  as )()(
surface, free on the  0})({
,in     0})({
1
)(
23
)()(
3,
,3,
Ty
yy
nyaNa
PyaNa
jijlykijkl
jyijlykijkl
yN
nyN
y
y
ναβ
ναβναβ
ναβναβ
ναβναβ
 
 
(30) 
The problem (30) is a combination of the local problem (14) (stabilization of solu-
tions to the variable 2y ) and cell problem of the homogenization theory (periodicity to 
the variable 1y ). 
 
 
Fig. 5. Loading scheme (top) and the local stresses intensity in the joint (bottom). 
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Fig. 5, 6 shows the results of the numerical solutions of boundary value problem (30) 
for two plates with a joint of the periodic structure displayed in Fig. 4. Fig. 5 shows the 
diagram of loading, deformed shape and stress intensity for solution to cell problem cor-
responding to tension plate in its plane in a direction perpendicular to the joint. It is seen 
that the perturbation of stresses is localized near the joint. Fig. 6 shows the diagram of 
loading (Fig. 6a), bending form (Fig. 6b) and intensity of local stresses (Fig. 6c) for so-
lution to the cell problem corresponding to bending of the plate. The area of localization 
of the stresses has the order of the size of the join. 
In the computations, material characteristics were the following: for plate: Young’s 
modulus is 1E =200GPa, Poisson’s ratio is 1ν =0.2; for joint Young’s modulus is 
2E =230GPa, Poisson’s ratio is 2ν =0.3. The thicknesses of  the plates are 0.01 m. 
 
 
 
Fig. 6. Loading scheme (a), the deformed shape of the cell (b) and  
the local stresses intensity in the joint (c). 
 
 
6 Isolated (far located one from another) elements of joints 
 
If the elements of joints (rivets, bolts, etc.) are located far enough from each other, they 
do not influence each other and the stress-strain state in each coupling element can be 
calculated independently of the others (one can see an analogy with dilute composites 
[Maxwell, 1873; Rayleigh, 1892]). At the same time, if the connectors are located close 
enough, they influence each other and the stress-strain state in each coupling element 
may be different from the stress-strain state calculated for an isolated element. 
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Fig. 7. Model of the system of joints. 
 
The practical importance of accounting for the interaction of elements of joints or justi-
fication of the absence of interaction between the elements is obvious. The question 
comes down to what is “enough” close or “enough” far, respectively, in this problem. To 
answer the question, we consider a model problem–two identical uniform plates, con-
nected by a system of joints, see Fig. 7. 
Fig. 8 shows the stress intensity for the plate bended in the direction perpendicular 
to the joint (half of the plate is shown). In Fig. 8, the distance between the joints is five 
times the plate thickness. This is a limiting case. 
Fig. 8 shows that the areas of stress perturbations are visibly not intersecting (it 
should be borne in mind that a discrete set of colors in the palette of ANSYS 
[www.ansys.com, 2001] slightly reduces the area of stress perturbations). In order to 
have a guaranteed safety margin, we increase the interval “five times the plate thick-
nesses” twice. Thus, the elements of the joint that are separated from each other by a 
distance greater than 10 times the plate thickness can be considered as isolated, do not 
interact with other elements of the joint. Joint elements spaced apart by a distance less 
than three thicknesses of the plate will tend to interact with each other and should to-
gether count as one integral joint element. 
 
 
Fig. 8. The local stresses intensity in the system of connecting elements. 
 
Next, we discuss the effect of “disappearance” of the joint in the limit problem, which 
has been already discussed theoretically in Section 1 (see formulas (21), (22) and the 
discussion on these formulas and the integrals (18), (19)). In Fig. 7, the main parts of 
the plates are the same. Since the connected plates are the same, all of the coefficients in 
(21) and (22) do not depend on X  and, as the plates are homogeneous, can be consid-
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ered 0)( =XαβγδC . Then, the two-dimensional limit equilibrium equations (27) and (28) 
take the form 
 
and the condition on the connecting line is: jump of values δβαγδαβ nwD xx )]([ , X− , 
γδβαγδαβ nwD xxx ,, )]([ X− , and δβααβγδ nuA xx )]([ , X  on the line L  equal zero (Greek indi-
ces take values 1, 2). Domains 1D  and 2D and line L  are displayed in Fig. 1.The diffe-
rential equations and jump conditions above with the condition that 1Cw∈ and C∈u  
means that the differential equations above are satisfied in the whole domain 21 DD ∪ , 
see, e.g., [Fichera, 1972]. As a result, the limit problem consists of the problem of in-
plane deformation of the plate and the problem of bending of the homogeneous plate. In 
both problems no transmission conditions arise on the perforated area between the 
plates. 
The deflection of the plate is shown in Fig. 7, and the corresponding homogeneous 
plate will match up to the value of the order of the plate thickness (that would be the 
case and for reducing the three-dimensional homogeneous plate to its two-dimensional 
model). The stresses predicted by the two-dimensional model will be constant through-
out the region, including the perforated area. In this case, the real stresses are shown in 
Fig. 7 – they are not constant. 
On the connected line, both in the two-dimensional model and for the three-dimen-
sional model shown in Fig. 7, the jump of the variables δαβ nM )(X  and δαβ nN )(X is 
equal to zero (in the latter case this condition is satisfied for the mean values). 
 
5 Connected plate of periodic structure 
The local perturbation method, based on the idea of considering the physical and/or 
geometrical irregularities in a uniform external field, is well combined with the homo-
genization method, based on the same idea, but for the periodic system of irregularities 
rather than for an isolated physical heterogeneity. As a result, combination of the me-
thod of homogenization and the local perturbation method provides us with an effective 
method for the analysis of joined plates of periodic structure. 
In the analysis of joined plates of periodic structure, the following representation 
for the displacements is used: 
).()()()()(
)/()/()()()()(
3,3
33,3
yvyVeXeXeX
xvVeXeXeXxu
lpx
x
ywwu
xxwwu
εεε
εεεε
αααα
ααααε
++−+=
=++−+=
 
(31) 
In (31), the function )(yvl is localized in the direction perpendicular to the direc-
tion of the joint, i.e., this is a local corrector. Function )(yVp  is periodic with respect to 
21, yy ( 3Oy axis is perpendicular to the plane of the plate) with the periodicity cell lP in 
the left plate and the periodicity cell rP in the right plate. This is a periodic corrector of 
 )()]()([ ,, XXX γδβαγδαβ fuA xx =− in 1D  and 2,D  . 
)()]()([ 3,, XXX fwA xxxx =βγβααβγδ in 1D  and 2,D   
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the homogenization theory in the version for plates, see [Caillerie, 1984; Kohn and Vo-
gelius, 1984; Kalamkarov and Kolpakov, 1997; Kolpakov, 2004]. 
As an example, we present the solution of the model problem of joined elastic per-
forated plates of periodic structure. The left plate has a square periodicity cell 3P  of size 
mm3mm3 ×  with a hole of diameter 2 (Fig. 9). The right-hand plate has a square perio-
dicity cell 7P of size mm7mm7 ×  with a hole of diameter 6. The periodic structure of 
the plates generates a periodic structure of the construction as a whole. The periodic cell 
P  of the construction has a size of 21 in the direction of the rib (21 is the least common 
multiple of the numbers 3 and 7) and extends in a direction from ∞− to∞ in the direc-
tion of the axis 2Oy . The thickness of the plate is 1mm. 
Fig. 9 shows the results of the numerical calculation of the stresses in the plate. 
Away from the joint, the stresses have a periodic structure predicted by the homogeniza-
tion theory. The stress-strain state in the joint region is very different from the stress-
strain state in the plates (see Fig. 9, right). In this problem, the boundary-layer technique 
would probably not be effective.  
 
 
Fig. 9. Deformed joined plates of periodic structure and the local stresses intensity 
(left), zoomed (right). 
 
In the problem under consideration, the condition of the decay of the solution away 
from the joint in the local problem, corresponding to the function )(yvl , can be replaced 
by the condition of the local solutions tending to the solution of the cell problem of the 
homogenization theory in the version for plates for a local problem, which corresponds 
to )()( yvyV lp + . 
The first two equations in (14) are the same for all the local problems of the me-
thod of local perturbations (and homogenization theory too). The difference is in the 
third condition from (14) – condition to decay or stabilization of the solution away from 
the joint. 
 
6 Conclusions 
The main theoretical result of this paper consists in a justification of the possibility of 
complete decomposition of the problem of the deformation of joined plates: the separa-
tion of the original three-dimensional problem for the limiting two-dimensional problem 
of the theory of plates and the local three-dimensional problems. With regard to the par-
tial decomposition of the problem connected to the thin-walled elements, see [Panasen-
ko, 2005, 2007]. The above-mentioned two-dimensional problem is the leading term of 
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the asymptotic and consists of two-dimensional equations of the theory of plates, in 
which the conditions of the contact line exist, but do not take into account the individual 
properties of the joint (either geometric or material characteristics of the elements of the 
connection). 
 Interaction conditions for the two-dimensional problem depend on the characteris-
tics of the “main” parts of the plates (parts of the plates placed far away from the 
joint).The three-dimensional stress-strain state in the joint and in the vicinity of the joint 
is determined from the local problem solutions corresponding to this joint using the so-
lution of the two-dimensional problem as parameter. 
The local problem takes into account the individual properties of the joint and can 
be treated as a problem of determining the stress-strain state of an isolated connecting 
assembly in the global field of homogeneous strain, where a homogeneous deformations 
determined by solving the two-dimensional problem. 
Note that if a structure contains many identical joints, than the solution of a local 
problem for one joint is sufficient for the calculation of the stress-strain state in each of 
the joints. 
There raises a question important for practice: under what conditions can joints be 
considered as not mutually influencing each other (otherwise they should be considered 
as elements of a complex multi-element joint and analyzed together)? Based on the so-
lutions of the model problem, we conclude that joints separated by a distance of more 
than 10 times of the plate thickness can be considered as separated. In contrast, joints 
which are located less than 3 times of the plate thickness from one another should be 
combined into one connector assembly. 
The local problems (i.e., the problems of deformation of singular joints) are for-
mally defined in infinite regions, but due to the effect of localization [Kolpakov and 
Kolpakov, 2010] (which for elasticity problems in thin-walled structural elements is a 
manifestation of the effect of de Saint-Venant), the solution is sufficient to perform in 
areas of a size 10 to 20 times of the thickness of the connected plates. The three-dimen-
sional problem of the theory of elasticity in areas of these dimensions can be solved 
numerically for very complex geometries and an arbitrary distribution of the elastic cha-
racteristics by using standard codes such as ANSYS, NASTRAN, etc. This makes the 
method proposed in this work a practical method for the analysis of real engineering 
structures. 
The proposed method is applicable for calculating homogeneous connected plates 
as well as connected plates of complex periodic structure. 
The local perturbation method can be applied to the analysis of various isolated in-
homogeneities (joints are special cases of inhomogeneities) in thin-walled structures of 
different types. 
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Appendix. Solution to the problem (15) 
 It is simple to solve problem (15), actually more simple than the similar periodicity cell 
problem in the homogenization theory (it concerns problem (15) with index 0=ν  (do 
not confuse this index with Poisson’s ratio)), there is no analogue to problem (15) with 
index 1=ν  in the homogenization theory of solids [Sanchez-Palencia, 1980; Jikov, 
1994; Bensoussan et al., 1978]). This is due to the boundary condition in (15). At the 
same time, the solution of problem (15) is nontrivial even for a uniform plate made of 
homogeneous material (solution of the similar periodic cell problem in the homogeniza-
tion theory is zero if the material is homogeneous).   
From the differential equation in (15), we have 
ii
k
ki Cyaydy
dn
a =− ναβ
ναβ
333
3
)(
33 )( , 
(A1) 
where iC  ( 3 ,2 ,1, =ki ) are constants. From the boundary condition in (15), we find that 
0=iC . As a result, equation (A1) takes the form 
0)( 333
3
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(A2) 
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Solving (A2) with respect to 
3
)(
dy
dnk
ναβ
, we have  
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k −= , 
(A3) 
where “ 1− ” indicates the inverse of the 33×  matrix 33kia . From equation (A3), the func-
tion )(ναβkn  can be computed up to a constant. Note, that the derivative 
3
)(
dy
dnk
ναβ
 and not 
the function )(ναβkn  is used in the analysis of the plate. 
From (A3), it is seen that both 
3
)0(
dy
dnk
αβ
 and 
3
)1(
dy
dnk
αβ
 are not zero. This reflects the 
fact that the plate has nonzero deformations in the direction normal to the plane of the 
plate both under the deformation in its plane and under bending. 
 
